It is well known that typical PT -symmetric systems suffer symmetry breaking when the strength of the gain-loss terms, i.e., the coefficient in front of the non-Hermitian part of the underlying Hamiltonian, exceeds a certain critical value. In this article, we present a summary of recently published and newly produced results which demonstrate various possibilities of extending the PT symmetry to arbitrarily large values of the gain-loss coefficient. First, we recapitulate the analysis which demonstrates a possibility of the restoration of the PT symmetry and, moreover, complete avoidance of the breaking in a photonic waveguiding channel of a subwavelength width. The analysis is necessarily based on the system of Maxwell's equations, instead of the usual paraxial approximation. Full elimination of the PT -symmetry-breaking transition is found in a deeply subwavelength region. Next, we review a recently proposed possibility to construct stable one-dimensional (1D) PT -symmetric solitons in a paraxial model with arbitrarily large values of the gain-loss coefficient, provided that the self-trapping of the solitons is induced by self-defocusing cubic nonlinearity, whose local strength grows sufficiently fast from the center to periphery. The model admits a particular analytical solution for the fundamental soliton, and provides full stability for families of fundamental and dipole solitons. It is relevant to stress that this model is nonlinearizable, hence the concept of the PT symmetry in it is also an essentially nonlinear one. Finally, we report new results for unbreakable PT -symmetric solitons in 2D extensions of the 1D model: one with a quasi-1D modulation profile of the local gain-loss coefficient, and another with the fully-2D modulation. These settings admit particular analytical solutions for 2D solitons, while generic soliton families are found in a numerical form. The quasi-1D modulation profile gives rise to a stable family of single-peak 2D solitons, while their dual-peak counterparts tend to be unstable. The soliton stability in the full 2D model is possible if the local gain-loss term is subject to spatial confinement.
I. INTRODUCTION
A fundamental principle of the quantum theory is that, while the underlying wave function may be complex, eigenvalues of energy and other physically relevant quantities must be real, which is provided by the condition that the respective Hamiltonian is self-conjugate (Hermitian) [1] . On the other hand, the condition of the reality of the entire energy spectrum does not necessarily imply that it is generated by a Hermitian Hamiltonian. Indeed, it had been demonstrated, about twenty years ago, that non-Hermitian Hamiltonians obeying the parity-time (PT ) symmetry may also produce entirely real spectra [2] [3] [4] [5] [6] [7] [8] . In terms of the usual single-particle Hamiltonian, which includes potential U (r), the PT symmetry implies that the potential is complex, U (r) = V (r) + iW (r) (the usual Hermitian Hamiltonian contains a strictly real potential), its real and imaginary parts being, respectively, even and odd functions of coordinates [2] :. V (r) = V (−r), W (−r) = −W (r), i.e., U (−r) = U * (r),
where * stands for the complex conjugate. For a given real part of the potential, the spectrum of PT -symmetric models remains completely real, i.e., physically relevant, as long as the strength of the imaginary component of the potential is kept below a certain critical value, which is a threshold of the PT -symmetry breaking, above which the system becomes unstable. The loss of the PT symmetry may be preceding by the onset of the jamming anomaly, which means transition from increase to decreases of the power flux between the gain and loss elements in the system following the increase of the gain-loss coefficient [9, 10] . It is relevant to mention that some relatively simple PTsymmetric systems may be explicitly transformed into an alternative form admitting a representation in terms of an Hermitian Hamiltonian [11, 12] .
While the concept of PT -symmetric Hamiltonians remained an abstract one in the framework of the quantum theory per se, theoretical works had predicted a possibility to emulate this concept in optical media with symmetrically placed gain and loss elements [13] - [26] , making use of the commonly known similarity between the Schrödinger equation in quantum mechanics and the classical equation governing the paraxial light propagation in classical waveguides. These predictions were followed by the implementation in optical waveguiding settings of various types [27] - [30] , as well as in metamaterials [31] , lasers [32] (and laser absorbers [33] ), microcavities [34] , optically induced atomic lattices [35] , Maxwell's equations:
where ω is the frequency of the monochromatic carrier, ε 0 and µ 0 are the vacuum permittivity and permeability, and ε rel = ε bg + ε re (x) + iε im (x) is the complex relative permittivity of the PT -symmetric structure, with x-dependent real and imaginary parts, added to the background permittivity, ε bg .
Two different modulation patterns were considered in Ref. [78] , corresponding, respectively, to a single waveguiding channel or a periodic guiding structure in the (x, z) plane. In this article, we focus on solitary (localized) modes, therefore only the former pattern is explicitly considered. It is defined by the following transverse (x-dependent) profile:
where d and p > 0 represent, severally, the width and depth of the guiding channel, while α > 0 is the strength of the gain-loss term. In accordance with the the general definition of the PT symmetry, the real and imaginary parts of the profile are even and odd functions of x, respectively, cf. Eq. (1). Eigenmodes for subwavelength beams with propagation constant b are looked for as solutions to Eq. (2) in the form of
Numerical solution of Eq. (2) with modulation profile (3) has produced three types of the solutions [78] : (i) ones with real b > √ ε bg represent stable PT -symmetric beams guided by the channel; (ii) solutions with a complex propagation constant, which has Re(b) > √ ε bg , Im(b) = 0 represent, as it follows from Eq. (4), exponentially growing (unstable)
channel-guided modes with broken PT symmetry, and (iii) delocalized modes, which are not actually guided by the channel, have Re(b) < √ ε bg .
The situation which occurs in a majority of previously studied models is that, with the increase of the gain-loss strength, α, the PT symmetry of the guided states suffers breaking at a critical value, α cr . This is indeed observed in the present case in the nearly-paraxial regime, namely, at d/λ 1/5, where λ is the underlying wavelength of the optical beam (below, following Ref. [78] , particular results are displayed for λ = 632.8 nm (visible red), and ε bg = 2.25). In particular, at d = 120 nm, the breaking of the PT symmetry takes place at α cr ≈ 1.95, see Fig. 1 (a) (in Fig. 1 , the PT symmetric modes exist at a single value of the propagation constant, as the underlying wavelength is fixed). However, in the deeply subwavelength situation, corresponding to essentially smaller channel's widths, such as d = 60 nm λ/10 and 30 nm λ/20 (see Figs. 1(b,c) ), a drastically different situation is observed: in the former case, the breaking of the PT symmetry is followed its restoration at still larger values of α, and in the latter case the breaking does not happen at all.
It is relevant to mention that a similar effect of the spontaneous restoration of the PT symmetry, although not the full elimination of the symmetry breaking, was reported too in some other models (based on the paraxial, rather than subwavelength, equations), including a linear discrete system of the Aubry-André type [79] , and a nonlinear model based on the NLSE in 1D [80] . Examples of unbreakable PT symmetry are known too in simple models with few degrees of freedom, such as a PT dimer [11] .
A set of typical eigenmodes of the electromagnetic fields, which correspond, respectively, to the unbroken, broken, and restored PT symmetry, are displayed in Fig. 2 . It is clearly seen that, in the case of the unbroken and restored symmetry, each field component is either spatially even or odd, while the modal spatial (anti)symmetry is broken too when the PT symmetry does not hold.
Finally, the results of the consideration of the model are summarized in Fig. 3 , which shows regions of the unbroken, broken, and restored PT symmetry in the plane of the essential control parameters, viz., the gain-loss coefficient, α, and the width of the guiding channel, d. Relatively small areas where no guided modes exist (in the latter case, the optical beam coupled into the channel waveguide suffers delocalization, spreading out into the entire (x, z) plane) are shown too. The conclusion suggested by Fig. 3 is quite clear: in the near-paraxial regime, corresponding to a relatively broad guiding channel, with d 120 nm, the usual scenario of the PT -symmetry breaking, following the increase of α, is observed. However, in the deeply subwavelength region, the symmetry (hence, the stability of the guided modes too) is either readily restored with the further increase of α, or is never broken. too that region 3 of the unbroken and restored stability tends to expand, although not very dramatically, with the increase of the channel's depth, p (see Eq. 3)), while, quite naturally, the delocalization area 2 shrinks.
III. UNBREAKABLE PT -SYMMETRIC SOLITONS IN ONE DIMENSION
The 1D model which is capable to support solitons with unbreakable PT symmetry by means of the self-defocusing nonlinearity with the local strength, S(η), growing from the center to infinity, as a function of coordinate η, is based on the NLSE for the amplitude of the electromagnetic field, u [64] :
where ξ is the propagation coordinate, and S(η) provides for the self-trapping of 1D solitons under that condition that S(η) grows faster than |η| at |η| → ∞ [68, 71] . Here, following Ref. [64] , we adopt a steep anti-Gaussian modulation profile,
where coefficients equal to 1 and 1/2 may be fixed to these values by means of rescaling of a more general expression. Further, the spatially-odd gain-loss modulation profile is adopted also as it was done in Ref. [64] :
with β > 0 and Γ ≥ 0. An advantage of fixing the profiles in the form of Eqs. (6) and (7) is that they admit a particular exact solution for the self-trapped PT -symmetric soliton [64] , provided that Γ = 0 is set in Eq. (7):
FIG. 2:
Profiles of the guided modes designated by circles in Fig. 1 , at α = 2.0 (a), 4.5 (b), and 9.5 (c), which are typical modes with unbroken, broken, and restored PT symmetry, respectively (as per Ref. [78] ). The fields are plotted in dimensionless units, while transverse coordinate x is measured in µm.
FIG. 3:
Domains of the existence and stability of the PT -symmetric modes guided by channel (3), in the plane of the channel's width, d, and gain-loss coefficient, α (as per Ref. [78] ). The depth of the channel is p = 0.3 in (a), which represents a shallow conduit, and p = 1.7 in (b), representing a deep one. The symmetry is broken in region 1, and unbroken or restored in region 3, respectively, while region 2 does not support any localized mode.
at a single value of the propagation constant:
The availability of the exact solution is principally important for establishing the concept of the unbreakability of the PT symmetry: obviously, the solution given by Eqs. (8) and (9) exist for arbitrarily large values of the gain-loss strength, β, there being no critical value beyond which solitons would not exist. Moreover, in Ref. [64] it was checked, at least in a part of the parameter plane (β, σ), that the exact solitons are stable.
It is relevant to stress that the model with the sufficiently quickly growing nonlinearity coefficient S(η) is nonlinearizable: the form of decaying tails of generic self-trapped modes can be investigated analytically (it turns out to be the same as in the particular exact solution (8)), but it is necessary to keep the nonlinear term in Eq. (5) for this purpose [67, 68] . Accordingly, the linear spectrum of the present model cannot be defined, the respective concept of the PT symmetry and its breaking or unbreakability being a nonlinear one too. The same pertains to the 2D model considered in the next section.
Numerical solution of Eq. (5) produces many families of complex solitons with real propagation constant b, in the form of
which may be naturally identified as fundamental solitons, dipoles, tripoles, quadrupoles, and so on. These solution types feature profiles of |w(η)| ≡ w 2 r (η) + w 2 i (η) with, respectively, one, two, three, etc. peaks (local maxima). Solitons are characterized by their integral power,
Characteristic examples of stable fundamental and dipole solutions are displayed in Fig. 4 (they were obtained for σ = 0, in which case exact soliton (8) does not exist, but numerically found solitons are available and may be stable). It is seen that the increase of the gain-loss coefficient, β, makes the shape of the solitons more complex, but the fundamental and dipole solitons remain fully stable as long as they exist, while higher-order tripoles and quadrupoles have both stability and instability areas [64] (as briefly shown in Fig. 5(b) ).
Most essential results characterizing the behavior of solitons in the present model are collected in Fig. 5 . In particular, Fig. 5(a) shows that, at fixed b, branches of the fundamental and dipole solitons, remaining completely stable, merge and disappear, with the increase of the gain-loss coefficient, β, at a critical ("upper") value, which is β upp ≈ 2.135 in Fig. 5(a) . However, stable fundamental and dipole soliton can be found at arbitrarily high values of β, as demonstrated by the lower curve in Fig. 5(c) , which shows the critical value β upp vs. b: obviously, β may become indefinitely large with the increase of |b|. In addition, the upper curve shows the growth with |b| of a similar critical ("upper") value at which another pair of solitons, viz., tripoles and quadrupoles, merge, as can be seen in Fig.  5 (b) (however, unlike the fundamental and dipole modes, the tripole and quadrupole branches become unstable prior to the merger, as seen in 5(b)).
IV. UNBREAKABLE PT -SYMMETRIC SOLITONS IN TWO DIMENSIONS

A. The model and analytical solutions
Results presented in the above sections summarize findings originally published in Refs. [78] and [64] , respectively. Here we report previously unpublished analytical and numerical results obtained for 2D generalizations of the model based on Eq. (5). The 2D model with transverse coordinates (x, y) and propagation distance z is based on the following NLSE for the amplitude of the electromagnetic field, w (x, y, z):
where r ≡ x 2 + y 2 is the radial coordinate, and the nonlinearity-modulation profile is chosen similar to its 1D counterpart (6): with σ ≥ 0.
Here we consider two different versions of the gain-loss spatial profile: a quasi-1D one, symmetric only with respect to x:
and a profile symmetric with respect to x and y, which may be called a fully 2D one:
with constants Γ ≥ 0 and β 0 > 0. Stationary solutions with a real propagation constant, b, are looked for as
with complex function W (x, y) satisfying the following equation:
In the case of Γ = 0 in Eqs. (14) and (15), Eq. (17), with σ and R (x, y) taken in the form of Eqs. (13) and (14), gives rise to an exact analytical solution:
(cf. the 1D solution (8)), with This solution exists for all values of the control parameters, β 0 and σ, except for σ = 0. Further, Eq. (11) with σ and R (x, y) taken in the form of Eqs. (13) and (15), where Γ = 0 is again fixed, also gives rise to an exact solution:
this time with
This solution exists if Eq. (21) yields W 2 0 > 0, i.e., β 0 < 2 and σ > 0. Another exact solution of Eq. (11), with σ and R (x, y) again taken in the form of Eqs. (13) and (15), exists under the special condition,
This solution is also found in the form of ansatz (20), precisely with (20) and (21), this time it is not a single one, but a continuous family of exact solutions, with arbitrary amplitude W 0 , and propagation constant
The possibility to obtain the continuous family of the exact 2D solitons, instead of an isolated one, is a compensation for selecting the special values of the parameters, as fixed by Eq. (22) . The exact solutions clearly suggest that the quasi-1D model, based on Eq. (14), features the unbreakable PT symmetry, as the respective solution, given by Eqs. (18) and (19) , exists for an arbitrarily large strength of the gain-loss term, β 0 . On the other hand, the full 2D model, based on Eq. (15), gives rise to the exact solutions, in the form of Eqs. (20), (21) or (22), (23) , which exist only at β 0 ≤ 2, hence the unbreakability of the PT symmetry is not guaranteed in the latter case. 14). The top and bottom panels display, severally, a stable single-peak soliton with propagation constant b = −2, and an unstable dual-peak one with b = −2.7. In both cases, other parameters are β0 = 0.8, σ = 1, and Γ = 0.
B. Numerical results
The quasi-1D model
The exact solution of the model with the quasi-1D gain-loss modulation, given by Eqs. (18) and (19) can be embedded into a family of solitons produced by a numerical solution of Eq. (17), with S(r) and R (x, y) taken as per Eqs. (13) and (14), respectively (the latter is taken here with Γ = 0). The stationary 2D solutions were constructed by means of the Newton's conjugate gradient method. Then, the stability of the stationary states was identify by numerical computation of eigenvalues of small perturbations, using linearized equations for perturbations around the stationary solitons. This computation was performed with the help of the spectral collocation method. Finally, the stability prediction, based on the eigenvalues, was verified through direct simulations of the perturbed evolution of the solitons.
Generic examples of numerically found stable and unstable solitons, which may have single-and dual-peak shapes, are shown in Fig. 6 . In accordance with these examples, all the double-peak solitons are unstable, and almost all the single-peak ones are stable. In particular, all the exact solutions, given by Eqs. (18) and (19) , are found to be stable.
Results of the stability analysis for the PT -symmetric solitons in the model with the quasi-1D shape of the gain-loss term, based on the eigenvalue computation, are summarized by the stability chart in the plane of (b, β 0 ), i.e., the (14) with Γ = 0, in the case of σ = 1 in Eq. (13) . Exact soliton solutions, given by Eqs. (18) and (19) , are indicated by stars (they all are stable), while stable and unstable numerically found solitons are shown by green and red dots, respectively. Numbers near the dots denote the number of peaks in each soliton (one or two). No soliton solutions were found in white areas.
soliton's propagation constant and strength of the gain-loss term in Eq. (14), which is displayed in Fig. 7 . Direct simulations completely corroborate the predictions produced by the stability eigenvalues. In particular, the solitons which are predicted to be unstable get destructed, decaying in the course of the perturbed evolution. This figure corroborates the unbreakable character of the PT symmetry in the model, as the stability region does not exhibit a boundary at large values of β 0 .
The stability chart, drawn in Fig. 7 for σ = 1 in Eq. (13) , is quite similar to its counterparts produced at other values of σ > 0. The situation is different in the case of σ = 0, when the exact solution given by Eqs. (18) and (19) does not exist. The respective stability chart, displayed in Fig. 8 , demonstrates essential differences from the one in Fig. 7 : the stability area is conspicuously smaller, all unstable solutions, as well as stable ones, featuring the single-peak shape.
The full 2D model
A drastic difference produced by the stability analysis for exact solutions of the full 2D model, given by Eqs. (20) and (21) for σ > 0, Γ = 0 and arbitrary β 0 , and by Eq. (23) for the special case (22) , is that these solutions are completely unstable. Furthermore, all numerical solutions found in the full 2D model with Γ = 0 in Eq. (15) are unstable too. The stabilization in this model may be provided by Γ > 0, i.e., by confining the spatial growth of the local gain and loss in Eq. (15) . For fixed σ, there is a minimum value Γ min of Γ which provides for the stabilization. In fact, Γ min depends on the size of the solution domain: in an extremely large domain, one may find very broad solitons, i.e., ones with very small b (see Eq. (17)), at any Γ > 0. Practically speaking, the size of the domain is always finite, as the steep growth of S (r), defined as per Eq. (13), cannot extend to infinity. As shown in Refs. [67] - [76] , it is sufficient to secure the adopted modulation profile of S(r) on a scale which is essentially larger than a characteristic size of the soliton supported by this profile. Thus, we have concluded that, for instance, in the domain of size |x|, |y| ≤ 9 the solitons are stable in the model with σ = 1 in Eq. (13) at Γ ≥ 0.2 in Eq. (15), being explicitly unstable, e.g., at Γ = 0.1. Typical examples of the stability charts for the PT -symmetric solitons, numerically produced in the full 2D model with β > 0, are displayed in Fig. 9 . Naturally, the stability area expands with the increase of Γ. It is worthy to note that Fig. 9(b) clearly suggests that the PT symmetry in the model with the full 2D modulation of the gain-loss term may also be unbreakable, as the stability chart does features no upper boundary.
These charts include unstable and (very few) stable solitons with multi-peak shapes. Indeed, taking larger Γ, i.e., stronger confinement of the gain and loss in Eq. (15) , it is possible to find stable multi-peak solitons with rather complex shapes, an example being a stable four-peak soliton displayed in Fig. 10 for Γ = 0.5. The results for the quasi-1D and full 2D systems, reported in this section, do not provide an exhaustive analysis of these models. A comprehensive analysis, including, in particular, the consideration of possible solitons with embedded vorticity, will be presented elsewhere.
V. CONCLUSION
The objective of this article is to summarize theoretical results which demonstrate the stabilization of the PT symmetry in both linear and nonlinear systems, making it possible to produce PT -symmetric states at arbitrarily large values of the strength of the gain-loss terms in the system, i.e., of the coefficient in front of the non-Hermitian part of the underlying PT -symmetric Hamiltonian. In Sections II and III, we have surveyed previously reported results obtained in two altogether different settings. Namely, the possibility of the restoration and complete stabilization of the PT symmetry in the linear nanophotonic model of the waveguiding channel with a subwavelength width, the analysis of which is based on the full system of the Maxwell's equations, was recapitulated in Section II. The full stabilization, i.e., removal of the symmetry-breaking transition, takes place in the deeply subwavelength region. In Section III we have summarized results concerning the possibility of finding stable 1D solitons supported by the model with arbitrarily large values of the gain-loss coefficient, where the self-trapping of the solitons is provided by the self-defocusing nonlinearity with the local strength growing fast enough from the center to periphery. The model admits a particular exact solution for the fundamental soliton, the families of both fundamental and dipole modes being entirely stable.
Section IV has presented new results for the unbreakable PT -symmetric solitons in two 2D extensions of the 1D model, viz., with the quasi-1D and full 2D modulation profiles of the local gain-loss coefficient. These models also admit particular exact solutions, this time for 2D solitons. As a result, it is found the quasi-1D model readily gives rise to the stable family of fundamental (single-peak) 2D solitons for an arbitrarily large strength of the gain-loss term, while dual-peak ones are unstable. On the other hand, the stability of the solitons in the model with the full 2D PT symmetry requires to impose spatial confinement on the gain-loss term. Further results for the 2D models will be presented elsewhere. 
